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The spin-orbit coupling (SOC) of a two-dimensional hole gas (2DHG) is commonly believed to
be a k-cubic term as the lowest order. Here, we uncover a strong and tunable k-linear Rashba
SOC of 2DHG in Ge/Si quantum wells by carrying out atomistic pseudopotential calculations.
The strength of this linear Rashba SOC exceeds 120 meVA˚, comparable with the strongest values
of 2D electron gases reported in narrow bandgap III-V heterostructures. We also present a 2D
effective Hamiltonian to illustrate that this emergent k-linear Rashba SOC is a first-order direct
Rashba effect, originating from a combination of heavy-hole-light-hole mixing and direct dipolar
intersubband coupling to the external electric field. These findings are also applicable to 2DHG in
other semiconductors and present a critical advantage of 2DHG in Ge-based systems as an excellent
platform towards large-scale quantum computation.
Spin-orbit coupling (SOC) entangles the spin and or-
bital degrees of freedom and has inspired a vast num-
ber of predictions, discoveries and innovative concepts,
including spin transistors, spin-orbit qubits, spin Hall ef-
fect, quantum spin Hall effect, topological insulators, and
Majorana fermions [1–11]. The exploration, understand-
ing, and control of SOC have become intensive research
subjects across many different disciplines in condensed
matter physics. Very recently, the strong Rashba SOC
of holes in the platform of Ge quantum wells (QWs) has
been demonstrated to provide an efficient driving man-
ner for rapid qubit control and its electric-field tunability,
and further ensures the independent control of multiple
qubits [12]. In contrast, the absence of strong SOC in Si
demands the inclusion of complicated components in the
proximity of each qubit to control the qubit, making the
scalability of Si qubits being a key challenge [12], despite
Si qubits so far have been considered as the most promis-
ing platform for large-scale quantum computation [8, 12].
Therefore, in the combination of holes being free from the
challenge of valley degeneracy for electrons in Si platform
as well as Ge possessing the highest hole mobility among
all known semiconductors, reaching a hole mobility over
1.5 million cm2/(V·s) at 3 K in strained Ge QWs [13],
strong SOC of holes renders Ge QWs as the excellent
platform for large-scale quantum computation.
However, the Rashba SOC of the ground hole subband
in semiconductor QWs, including Ge QWs, is commonly
believed to be k-cubic rather than k-linear as the lowest
order [14–16]. This is in sharp contrast with the elec-
tron counterpart, in which a variety of potential appli-
cations has been proposed based on the k-linear term.
Because of the qualitative difference between k-linear
and k-cubic terms, the absence of strong k-linear Rashba
SOC excludes holes in QWs from many potential appli-
cations. Luo et al. [17] and Kloeffel et al. [18] indepen-
dently found, in one-dimensional (1D) quantum wires,
the emergence of a strong k-linear hole Rashba SOC,
originating from a direct dipolar coupling between heavy-
hole (HH) and light-hole (LH) subbands by an external
electric field [18–20]. Such a giant k-linear Rashba effect,
called the direct Rashba effect, is a first-order effect and
much stronger than the conventional third-order Rashba
effect. The strength of the direct Rashba SOC scales with
the HH-LH coupling at zone center (k¯ = 0) and is thus
supposed to vanish in two-dimensional (2D) QWs since
the HH-LH coupling is commonly considered to be forbid-
den by symmetry [14]. However, the zone-center HH-LH
coupling was already found experimentally and theoret-
ically in QWs [21–26]. One may naturally expect the
existence of a strong k-linear hole Rashba SOC in QWs.
Such expectation is relevant to the current understand-
ing of 2D hole spin physics, such as spin-Hall conductiv-
ity [6, 27–30], spin-galvanic effect [31], hole spin helix [32]
and current-induced spin polarization [33], since all these
effects have been investigated based on the assumption
of the k-cubic Rashba SOC [34].
In this Letter, we study the Rashba SOC-induced
spin-splitting in Ge/Si QWs using the atomistic semi-
empirical pseudopotential method (SEPM) [35–37] in
combination with the theoretical analysis based on the
Luttinger-Kohn Hamiltonian. We indeed find finite k-
linear Rashba SOC even in [001]-oriented Ge/Si QWs,
which is confirmed to be a direct Rashba SOC based on
an effective Hamiltonian considering a finite HH-LH mix-
ing. Moreover, a much stronger k-linear Rashba SOC is
observed in [110]-oriented Ge/Si QWs. The predicted
Rashba parameter αR is as large as 120 meVA˚, which is
among the largest values measured in 2D electron sys-
tems [11].
Fig. 1(a,c) show the atomistic SEPM calculated va-
lence band structure of [001]- and [110]-oriented Ge/Si
2QWs upon application of an electric field of 100 kV/cm
normal to the QWs. The states of the conduction sub-
bands are confined in Si layers while states of the va-
lence subbands are confined in Ge layers (not shown)
due to the bulk Ge valence band maximum (VBM) be-
ing 0.5 eV higher than the bulk Si [14]. We find that
the doubly spin-degenerate subbands split away from the
Γ¯ point giving rise to spin-splitting ∆Ess(k‖), which is
shown in Fig. 1(b,d) for the ground state subband de-
rived from the bulk HH band (HH1). ∆Ess(k‖) exhibits
a nice linear scale against kx. Due to the existence of an
inversion center, the bulk inversion asymmetry-induced
Dresselhaus spin splitting [38] is absent in Ge/Si QWs.
Hence, the obtained spin splitting is completely induced
by the Rashba effect [39]. Interestingly, we find that αR is
anisotropic in [110]-oriented QWs but isotropic in [001]-
oriented QWs. Such anisotropic k-linear Rashba SOC
in the [110]-oriented QWs is against common sense that
k-linear Rashba SOC is always isotropic in 2D systems.
This anisotropy is due to the breaking of the axial sym-
metry and will be explained below. To deduce the lin-
ear (αR) and cubic (γR) Rashba parameters, we fit spin-
splitting ∆Ess(k‖) of the HH1 subband to the equation
∆Ess(k‖) = 2αRk‖ + γRk3‖ , obtaining αR = 3, 82 meVA˚
for [001]- and [110]-oriented (Ge)40/(Si)20 QWs (under
an external field of 100 kV/cm), respectively. The value
of [110]-oriented QWs is comparable to that of direct hole
Rashba SOC predicted in 1D quantum wires [20].
We examine the field- and size-dependences of the k-
linear Rashba parameter αR for both [001]- and [110]-
oriented QWs. Fig. 2(a) shows that αR scales linearly as
Ez for the [001]-oriented (Ge)40/(Si)20 QW, but scales
sublinearly for the [110]-oriented (Ge)40/(Si)20 QW, in
which the difference of αR along kx and ky directions
gets bigger with increasing Ez. Under a fixed electric
field Ez = 100 kV/cm with varying well thickness, as
shown in Fig. 2(b), αR increases linearly against the well
thickness for [001]-oriented QWs. Whereas, for [110]-
oriented QWs, αR increases linearly in a much larger
rate in well thickness when L < 20 ML, and then grows
slowly towards saturation. The difference of αR along
kx and ky directions is negligible when L < 20 ML but
raises quickly with further increasing L. Such field- and
size-dependences of αR in [110]-oriented QWs are similar
to the case of 1D quantum wires [20], indicating spin-
splitting arising from the first-order direct Rashba SOC
rather than conventional third-order Rashba SOC. In-
terestingly, α
[110]
R is one order of magnitude larger than
α
[001]
R , and is strongly tunable by external field to ex-
ceed 120 meVA˚. This strong and tunable Rashba SOC
in [110]-oriented QWs is a compelling property for hole
spin manipulation.
We turn to unravel the origin of the emergence of k-
linear hole Rashba SOC and illustrate the decisive role
of the HH-LH mixing through the envelope function ap-
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FIG. 1: Calculated energy dispersion of valence subbands and
spin splitting of HH1 for (a,b) [001]-oriented (Ge)40/(Si)20
QW and (c,d) [110]-oriented (Ge)40/(Si)20 QW, respectively,
under an electric field Ez = 100 kV/cm perpendicular to the
interface. Here, the thickness (subscripts) units in monolayer
(ML). The x-direction in [001]- and [110]-oriented QWs is
along with the crystalline [100] and [001] directions, respec-
tively. The labels HH1, HH2, HH3, and LH1 indicate the
valence subbands derived mainly from either bulk HH or LH
bands.
proximation based on the Luttinger-Kohn (LK) Hamil-
tonian. The lowest-energy subband spectrum is governed
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FIG. 2: Calculated k-linear hole Rashba parameters αR in
Ge/Si QWs as a function of (a) electric field strength with 40
ML well thickness, and (b) well thickness under an electric
field of 100 kV/cm, respectively. The Si thickness is 20 ML.
For [110]-oriented QWs, the x- and y-direction is along with
the crystalline [001] and [11¯0] direction, respectively. The
inset to (a) shows a linear dependence in [001]-oriented QWs,
reflecting the negligible QCSE in comparison to QCE. Note
that a larger electric field strength than 200 kV/cm is not
experimentally available, hence the results are not shown.
3by the effective Hamiltonian projected into the subspace
spanned by the four states |HH1±〉 and |HH2±〉 of the two
topmost HH-like subbands (indicated in the atomistic
SEPM band structure by HH1 and HH2) at Γ¯-point. The
four basis states are constructed by including the HH-LH
mixing: |HH1±〉 = a1φ1(z)| 32 ,±
3
2 〉 + b1φ1(z)|
3
2 ,∓
1
2 〉 and
|HH2±〉 = a2φ2(z)| 32 ,±
3
2 〉+b2φ2(z)|
3
2 ,∓
1
2 〉, where a1 and
b1 (a2 and b2) are real coefficients of bulk HH and LH
Bloch functions in QW HH1 (HH2) states, respectively,
and envelope functions φn(z) =
√
2
Lsin[
npi(z+L/2)
L ],
n∈{1,2,· · · }, by assuming an infinite confinement poten-
tial.
In the [001]-oriented QWs with D2d symmetry, the
HH-LH mixing at k¯ = 0 originates from symmetry re-
duction caused by the local symmetry of the C2v inter-
face [22, 26], otherwise is absent (i.e., b1,2 = 0). Starting
from the [001]-oriented 3D LK Hamiltonian [18, 40], we
obtain the 4×4 effective Hamiltonian of 2D [001]-oriented
QWs in the absence of the external electric field,
H
[001]
eff = A+ +A−τz + γ3C0τx(kxσy − kyσx), (1)
where τ and σ are the Pauli matrices describing the or-
bital part and the spin part of eigenstates, respectively,
and γ3 the LK parameter. A± = ~2k2x(m
−1
1x ±m
−1
2x )/4 +
~
2k2y(m
−1
1y ±m
−1
2y )/4 ± ∆0/2, where m1x and m1y (m2x
and m2y) are effective masses along x- and y-direction,
respectively, for HH1 (HH2) subband and ∆0 the energy
separation between HH1 and HH2 states arising from the
space confinement effect (SCE). The off-diagonal term
〈HH1±|H
[001]
eff |HH2∓〉 = ∓iγ3C0(kx∓iky), where the cou-
pling parameter C0 = (a1b2 − a2b1)
8
√
3~2
3m0L
reflects the
strength of HH-LH mixing.
Upon application of an external electric field Ez to
[001]-oriented QWs, Ez will couple directly to the spins
owing to HH-LH mixed QW states, yielding a direct
dipolar coupling term 〈HH1±|(−eEzz)|HH2±〉 = eEzU0,
where the coupling constant U0 = (a1a2+b1b2)
16L
9pi2 is also
related to the HH-LH mixing. Using quasi-degenerate
perturbation theory [41, 42], we finally obtain the first-
order 2 × 2 effective Rashba SOC Hamiltonian for the
HH1 subband: H
[001]
soc = α
[001]
R (kxσy − kyσx) (see supple-
mental material for details), where the k-linear Rashba
parameter reads
α
[001]
R =
2eγ3C0U0Ez√
∆20 + 4e
2U20E
2
z
. (2)
The denominator term is the energy separation ∆E1,2 be-
tween HH1 and HH2 induced by SCE (∆0) and quantum-
confined Stark effect (QCSE) (2eU0Ez). It is straightfor-
ward to learn that α
[001]
R scales linearly with Ez when
2eU0Ez ≪ ∆0, in excellent agreement with our atomistic
SEPM results shown in Fig. 2(a). The k-linear Rashba
SOC originates from a combination of the HH-LH mix-
ing and the direct dipolar coupling to the external electric
field, with α
[001]
R having the same formula [Eq. (2)] as that
of the direct Rashba SOC in 1D nanowires [18]. Hence,
the k-linear Rashba SOC uncovered in [001]-oriented
QWs is a 2D direct Rashba effect.
In the [110]-oriented QWs, besides the interface-
induced HH-LH mixing, the breaking of the axial sym-
metry causes an intrinsic HH-LH mixing at k¯ = 0 [14]
with its magnitude proportional to (γ3− γ2)× kˆ
2
z , where
kˆ2z ∼ (pi/L)
2 [19]. This intrinsic HH-LH mixing leads to
an enhanced direct Rashba effect in [110]-oriented QWs
in comparison to [001]-oriented QWs as we have observed
in our atomistic SEPM results (Fig. 2). We perform the
same procedure as done in [001]-oriented QWs and obtain
an in-plane anisotropic linear Rashba SOC (see supple-
mental material for details),
α
[110]
R (kx) =
2eγ3C0U0Ez√
∆0
2 + 4e2U0
2E2z
, (3)
and
α
[110]
R (ky) =
2eγ2C0U0Ez√
∆0
2 + 4e2U0
2E2z
. (4)
α
[110]
R (kx)/α
[110]
R (ky) ≈ γ3/γ2 (the Luttinger param-
eters for Ge are γ3=5.69 and γ2=4.24 [34], hence
α
[110]
R (kx)/α
[110]
R (ky) ≈ 1.34), which explains the atom-
istic SEPM results shown in Fig. 2.
To understand the observed different behaviors of
[001]- and [110]-oriented QWs in the field- and size-
dependence of Rashba SOC strength (αR as shown in
Fig. 2), we examine the energy separation ∆E1,2 which is
the denominator term in the expression of Rashba param-
eters (Eq. 2-4). Fig. 3(a) shows ∆E1,2 as a function of the
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FIG. 3: Energy separation ∆E1,2 =
√
∆2
0
+ 4e2U2
0
E2z be-
tween HH1 and HH2 states at Γ point in [001]- and [110]-
oriented Ge/Si QWs as a function of (a) electric field strength
for a fixed QW thickness and (b) well thickness with an ap-
plied electric field of 100 kV/cm, respectively.
4applied electric field Ez for a fixed thickness L = 40 ML,
in which ∆E1,2 is solely induced by SCE at Ez = 0. With
increasing Ez, ∆E1,2 grows in substantially different
rates for [001]- and [110]-oriented QWs. A much larger
rate in [110]-oriented QWs implies a stronger QCSE, il-
lustrating that the HH-LH mixing and thus the direct
Rashba SOC could have a strong response to the external
electric field. At Ez=200 kV/cm, we find that the QCSE
contributes 50% to ∆E1,2 in [110]-oriented QWs, but less
than 10% in [001]-oriented QWs. The significantly en-
hanced contribution of QCSE (2eU0Ez) to ∆E1,2 causes
a sub-linear field-dependence of αR observed in [110]-
oriented QWs [Eq. (3) and Fig. 2(a)]. Whereas, in [001]-
oriented QWs, the weak field-dependence of ∆E1,2, im-
plying a much weaker QCSE, leads to a linear scale of
αR as applied field Ez [Eq. (2) and Fig. 2(a)]. Fig. 3(b)
displays ∆E1,2 against the well thickness L under a fixed
Ez . We see that, with increasing L, ∆E1,2 drops rapidly
for L 6 40 ML and then decreases slowly towards the
bulk zero value owing to the reduced SCE. Interestingly,
in addition to the much stronger QCSE, [110]-oriented
QWs have a 3-4 times smaller ∆E1,2 than [001]-oriented
QWs. In combination with the enhanced HH-LH mix-
ing originated from the breaking of the axial symmetry,
[110]-oriented QWs perform an order stronger k-linear
Rashba SOC than [001]-oriented QWs.
Even in the absence of the direct dipolar coupling,
Winkler [14] argued that the HH-LH mixing at k¯ = 0
will also produce a conventional k-linear Rashba term to
HH-like subbands. However, this conventional k-linear
Rashba SOC effect is small when compared to the k-cubic
term. Kloeffel [18] demonstrated that, in 1D nanowires,
this conventional k-linear Rashba SOC is in the third-
order of multiband perturbation theory and hence dif-
ferent from the first-order direct Rashba SOC in both
field and size-dependence. Specifically, the conventional
k-linear Rashba term is 10-100 times weaker than the
direct Rashba SOC, and is stronger in narrower QWs,
which is opposite to the results shown in Fig. 2. We note
that in a recent experiment the k-linear Rashba SOC
of the 2DHG is claimed to be absent in [001]-oriented
strained Ge/SiGe QWs, where the weak antilocalization
(WAL) feature in the magnetoconductivity measurement
failed to be described by the k-linear term alone but de-
scribed well by the k-cubic term alone [43]. Here, we
have to stress that both k-linear and k-cubic terms are
presented in our atomistic SEPM results, although the
k-linear term dominant over the k-cubic term in an ex-
treme small k¯-range. Therefore, in fitting to WAL data,
one has to include both k-linear and k-cubic terms in-
stead of exclusively considering k-linear or k-cubic term
only [43].
In conclusion, we uncover a strong electric-tunable k-
linear Rashba SOC of 2DHGs in Ge/Si QWs. We illus-
trate that this previous unknown k-linear Rashba SOC
is a first-order direct Rashba effect, originating from a
combination of HH-LH mixing and direct dipolar inter-
subband coupling. Specifically, in [110]-oriented Ge/Si
QWs, the strength of this k-linear Rashba SOC can be
significantly enhanced by applied electric field to exceed
120 meVA˚, comparable to the largest values of 2D elec-
tron gases reported in narrow bandgap III-V semiconduc-
tors, facilitating the fast manipulation of hole spins. This
finding renders 2DHGs in Ge/Si QWs as an excellent
platform for quantum computation. We have to stress
that these findings are also applicable to 2DHGs in other
tetrahedral semiconductors (see supplemental material).
Our discovery makes a call to revisit the understanding
of 2D hole spin physics, which have been explored with
the assumption of k-cubic Rashba SOC.
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